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Some Rigorous Results on the
Hopfield Neural Network Model
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We analyze the thermal equilibrium distribution of 27 mean field variables for
the Hopfield model with p stored patterns, in the case where 2” is small com-
pared to the number of spins. In particular, we give a full description of the free
energy density in the thermodynamic limit, and of the so-called “symmetric
solutions” for the mean field equations.

KEY WORDS: Neural network; random interaction; mean field theory;
critical points.

1. INTRODUCTION AND MAIN RESULTS

We consider Hopfield’s model'' ™’ of an associative read-only memory with
p stored patterns in the case where 27 is small compared to the number of
degrees of freedom (neurons, spins). The time evolution of this model is the
Glauber dynamics for a system of N interacting Ising spins S, with values
+1 or —1, governed by a Hamiltonian of the form

Hy=— Y J;88—- Y TS, (1.1)

I<i<j<N 1<igN
Here, the values of the coupling constants J; and T depend on the content
of the memory: If &= (&, £2,.., £7) is an arbitrary but fixed collection of

spin configurations, representing the stored patterns, then the following
constants are chosen:

1 2 i
I=y X, Ti=ng (12)
p=1
where v and # are external field parameters which will be specified later.
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904 Koch and Piasko

The generalized Hopfield dynamics'*’ describes the retrieval, from a
“noisy” memory, of p stored patterns by association with some input
pattern. The retrieval process can be viewed as a random walk on the set
& of spin configurations: If p is the delta function on &% with peak at the
input pattern, or any other probability distribution on &, then the spin
distribution after one unit of time is given by Wp,

(Wp)(S')= 3, WS, S)p(S) (13)

Se s

The transition probabilities W(S’, S) depend on the inverse temperature
of the noise, and are defined as follows. If S" can be obtained from S by
flipping a single spin, then

1 S
s, ) -~ &) __ (1.4)
N o(S)+w(S)
where @ denotes the normalized Gibbs distribution
—1
w(s):< Z e—ﬂHN(rl,C,S)) e " AANN.S.S) (1_5)
Se&

All other off-diagonal entries of W are zero, and the diagonal entries are
determined by requiring that the probabilities W(S", S), for any fixed S,
add up to one.

From this definition it follows immediately that all matrix elements of
WN are positive, and that W satisfies the detailed balance condition
w(S) W(S', S)=w(S) W(S, §'), for any pair (S’, S) of spin configurations.
Thus, by the fundamental theorem of Monte Carlo calculus, W"p con-
verges to w as n — oo, for every probability distribution p on &, in contrast
to the situation at zero temperature,*>!31*) where every local minimum of
the energy function H, corresponds to an attractor of the Hopfield
dynamics. As long as f is finite, the retrieval of information is a transient
process; after a sufficiently long time, the system starts to forget its initial
condition, and approaches the thermal equilibrium state w.

The first part of our analysis deals with the equilibrium properties of
the Hopfield model with “unbiased” memories. More precisely, we consider
the free energy per spin, averaged over all 2?" possible choices of p
patterns,

—1
Fa(Bm)=2""¥Y —=1 ( —ﬁHNw.é,s)) (16

Ses

and we assume that 2”7 < N. The averaging will be justified later by showing
that, outside a negligible set of “biased” patterns £, the free energy per spin
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converges uniformly to the same value as F (ie, it is self-averaging), for
large N.

This model, and variations thereon, have been studied in detail in the
case of a fixed finite number of patterns.*%® '® As for the thermodynamic
behavior, it is found that a second-order phase transition occurs at f=1,
from a paramagnetic high-temperature phase (f<1) to a ferromagnetic
low-temperature phase (f>1). The following theorem establishes the
existence of this phase transition in a more general situation where the
number of patterns is not necessarily finite. A proof is given in Section 2.

Theorem 1.1. Fix f#1 and a2 <1. Then the average free energy
density Fy(f, n) converges as N — oo for any positive integer v and for any
sequence p = p(N) satisfying v< p and 2” < N*. The same holds for the
magnetization my(f, #) = (8/0n) Fp(B, n) if 4 # 0. The corresponding limits
F and m_, only depend on (f, n), and they satisfy

BE(Bm) = ~In2—= | a\(1)? di+ 0(n)
2% (1.7)
m:c(ﬁ’ ﬂ):Sgn(ﬂ)al(ﬁ)+@(’7)s ’7?&0

where a,(f) is the largest solution of the equation tanh(fa,)=a,.

Note that if p is constant, then the 2p possible choices for (v, sgn #)
lead to 2p distinct phases at low temperature (by symmetry, the magnetiza-
tion in the direction of &* is zero for all p#v). If 27 grows like N*, with
x<1, then an infinite number of these low-temperature phases are
obtained. The case a=1 represents the borderline case for the methods
used in our proof of Theorem 1.1, and possibly also for the validity of
Eq. (1.7); but the phase portrait is believed to be the same for all . On the
other hand, if p grows at a rate proportional to N, the Hopfield model is
expected to exhibit a spin glass phase."'!

We shall now change to a reduced representation (of the Hopfield
model), in which the independent degrees of freedom are d =2” mean field
variables.®”) Let {e,, e,,.., e,} be a fixed, ordered set which contains all
vectors in R? whose components are either +1 or —1. Any choice of p
paiterns can then be regarded as a map &: i ¢ = (&), E2,.., E7), which
associates to every site 7, 1 <i<< N, one of the vectors ¢,. The map ¢ defines
a partition N=L,+L,+ ---+L, of N, where L, =L,(¢) denotes the
number of sites in &~ '(e,). It also determines a partition of the spin con-
figuration space & into subsets

y(Y):{Sey: Y S,:Yk,lsksd} (1.8)

ies~ e

822/55/5-6-4



906 Koch and Piasko

indexed by vectors YeZ“ with components Y, e{—L,, —L;+2,., L},
1 <k <d Such vectors will be referred to as mean field configurations.

It is easy to check that the Hamiltonian H, is constant on each of the
sets £ (Y). In addition, the Hopfield dynamics induces a random walk on
the set % of mean field configurations, with transition probabilities
given by

w(Y', Y) Y Y w(s,S) (1.9)

LV(Y)I SeP(Y) S'es(Y')
To be more specific, we define a linear transformation A4 which maps
functions on & to functions on #, by the equation

(Ap)1)= ¥ p(S) (1.10)

Se&#(Y)

Proposition 1.2. The matrix W is conjugate to W and satisfies
detailed balance, i.e., (i) AW = WA, and (ii) (Ao)(Y) W(Y', Y)=(4do)(Y")
W(Y,Y)forevery Y, Y e%.

From either of these two properties (whose proof is straightforward)
it follows that every probability distribution on % converges to Aw under
the mean ficld dynamics defined by W. The equilibrium distribution Aw is
the Gibbs distribution for the mean field Hamiltonian H , given by

1
p

To simplify our discussion, we assume from now on that L, = N/d, for
1 <k<N. As far as the proof of Theorem 1.1 is concerned, this restriction
is justified by the fact that the average (1.6) may be restricted to patterns
satisfying |L,(&)— N/d| < (N/d)"*1n N for all k, without affecting the limit
N — oo; for details see Section 2. With all L, set to N/d, and for zero
external field, the mean field Hamiltonian becomes

Hy(B,n, L, Y)=Hy(n, & S)—2In|#(Y)l,  Ses(¥Y) (L1

Hy(B,0, L, Y)=NB'11n2+Nﬁ'1fﬁ(% Y>+0(N) (1.12)

where
1 & p
== dt tanh ~ (1) — — 2 i
fin)=g ¥ | drtanh o) =551yl (1.13)
Here, |- | is the norm defined by the standard inner product on R and P

denotes the orthogonal projection in R? onto the subspace spanned by the
p vectors e*= (e, e4,..., e4). Formally, it is now clear that in the limit
N — w0, and for fixed, finite p, the average free energy density is determined
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by the minimum of f; on the hypercube [—1, 1] It can be shown that
f5(y) takes on this minimum value if and only if

y= ta,(p)e*, I<pu<yp (1.14)

These 2p minimizing vectors (for f> 1) are commonly referred to as
retrieval states, since each of them is associated with exactly one of the
stored patterns (e* is the mean field analogue of the pattern £#). Below we
will discuss other local minima of f;, or so-called spurious states, which are
associated with several patterns (thus corresponding to a confused
memory). In numerical experiments, both types of “states” behave like
attractors for the Hopfield dynamics if N is sufficiently large. We expect
that any distribution on % whose support lies within a distance «(N) of a
local minimum Y of H, will evolve first into a distribution which is essen-
tially localized in a ball of radius (0(\/]—\—7 )} around Y before spreading out
significantly. Formal calculations indicate that the time scale for the
localization process is of the order of N, while the time needed to reach an
approximate thermal equilibrium grows exponentially with N.

In the second part of this paper we consider the set of critical points
of the function fj, or, equivalently, the solutions of the (mean field)

equation
ye=tanh[B(Py).], 1<k<d (1.15)

Our first result describes the so-called “symmetric solutions” of order #,
whose existence, for all f>1 and n< p, has been conjectured in ref. 4,
based on (numerical calculations and) expansions near f=1 and f§= c0.
A symmetric solution of order n>0 (the case n=0 corresponds to the
trivial solution y=0) can be obtained by making the ansatz
y=a,(e'+ --- +e")+w, with Pw=0. As shown in Section 3, this ansatz
leads to the following equation for a,,:

a,=2""*1 Y <;>"”2m tanh[(n —2m)fa,]  (1.16)

Osm<n? n

Theorem 1.3. Given > 1 and a positive integer »n, Eq. (1.16) has
a unique positive solution a,=a,(f). Furthermore, if (c,, c,..,¢,) is a
vector of length » in R? whose components are either 0 or +1, and if
yeR? is defined by

4

¥y =tanh [ﬂan(ﬁ) Y c#eﬁ} 1<k<d (1.17)
p=1

then the function f; has a critical point at y.

For f <1, it is easy to see that Eq. (1.15) admits only the trivial solu-
tion, and that f}; takes its minimum value for y=0. This minimum turns
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into a local maximum as f is increased past its critical value f =1, and the
remaining 37 — 1 symmetric solutions bifurcate away from the origin. A
qualitative picture of what happens near f =1 can be derived from general
results in bifurcation theory; see ref. 10. A more direct approach, which
also allows for explicit numerical bounds, is presented in Section 3. In
particular, we prove the following result.

Theorem 1.4, Let 1 <f<1+(9d+500p%) " and yeR%

(1) If f5 has a critical point at y, then y is a symmetric solution of
some order n< p.

(ii) If f; has a local manimum at y, then y is a symmetric solution
of order n=1.

We note that, while some condition on f is necessary in order for the
conclusion of Theorem 1.4 to hold, the bound given here is clearly too
restrictive. Numerical results® indicate that there is an increasing sequence
of inverse temperatures f8,,, starting with §, ~2.17, such that if § is larger
(smaller) than f,, then every symmetric solution of order 2m+1
corresponds to a local minimum (saddle point) of f;. In contrast, the
symmetric solutions of even order seem to correspond to saddle points, for
all g> 1.

Our last result concerns the observed qualitative difference between
solutions of even and odd order.

Theorem 1.5. Let m be a positive integer not exceeding p/2, and
assume that

g <2m>>1n(ﬁ)>1 (1.18)
m

Then f; has a saddle point or local maximum at every symmetric solution
of order 2m, and if 2m < p, f; has a local minimum at every symmetric
solution of order 2m + 1.

Further details, including the proofs of Theorems 1.3-1.5, are given in
Section 3.

2. THE THERMODYNAMIC LIMIT

In this section we will prove Theorem 1.1. We start by deriving an
explicit expression for the mean field Hamiltonian H,, as defined in (1.11).
Note that if Se #(Y), then

N d d d
YUs=3) Y S=Ye )Y S=) egli=(Y)
k

=1 k=1 ie& e =1 1e & Yey) k=1
(2.1)
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Using this identity, the mean field Hamiltonian can be written as follows:

N(ﬁ V],L Y)

__ g is) —n S 542 Lo

=W 2 (E‘lé" ) n L s aggms
—*if Cet vy —pen vy 4L i 1n<( ))
- 2Ny:1 ’ ’7 ’ ﬁk:l %Lk+Yk)

(2.2

The entropy term may be represented more conveniently by using Stirling’s
formula: There is a function g, satisfying the bound |[g(L,, Y )<
In(L,}+ 1, such that

L, Yi/ L .
In ((%(Lﬁ-ﬂ) ———L,{ln2—L,<J0 drtanh ™ (¢} + g(L,, Y.) (2.3)

In order to discuss the N dependence of H,, let us now change to
normalized variables by writing

Li=(1+A.)N/d. Y=Ly, (24}

The range of values for (4, y) is determined from that of the original
variables (L, Y). In particular, y takes on values in the set X' =
{yel[—1,1]% L1+ y.)/2eN, 1<k <d}. Denoting by A the diagonal
d x d matrix with entries 4,,=A4,, we arrive at the following expression
for Hy:
_ N p &
Bt y(fn, L, Y)= —NIn2+—f(f.n, 4, y)+5+ > &L, Yi) (25)
where o

J“(ﬁ,f7,/1,y)=—Elll”(l-F/l),VH2 Pnle’, (1+4)y>

HM&

(144 ) [ drtanh~1(2) (2.6)

0

The quantities of interest in this section are the free energy density
Fu 4, and the magnetization m, ,,

FyaBon L)= -Eﬁln{ y exp["’ﬁ‘“’”””i-m}
ved (27)

d
my (B, n, L)= d‘nFN,d(ﬂ n, L)
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More precisely, if ¢, 4(L) denotes one of the functions defined in (2.7), we
would like to compute the average of ¢, ,(L(&)) over all possible choices
of the patterns £,

27PNZ¢N,d(L(£)) =d " Z

LePna

NI
mfﬁmd(m (2.3)
Here, %, , denotes the set of vectors in RY whose components are non-
negative integers which add up to N. The following proposition (a simple
large-deviations estimate) will be used to approximate the sum (2.8) by a
sum over “unbiased” patterns, represented by the set %, ,={Le %, .
Al <9, 1 <k <d}, for some fixed > 0.

Proposition 2.1. There exists 6, > 0 such that if d/N < < J,, then

N! N§?
d=" )Y ——————<dNexp (-——) (2.9)
Lewniayg L1 ! Lyl L,! 2d
Proof. Assume that d<oN, and denote by Z# the set of all non-
negative integers n < N which satisfy |n — N/d| = (N/d) 5. Since every vector
in &y %y 4 has at least one of its 4 components in %, the left-hand side

of (2.9) is bounded by

c=d-d~ Z __L
LePyg Lies LIILZ' -..Ld!
—-N N L
=d-d”" } (d— 1)Vt 2.10)
Lie® Ll

It is easy to check that the expression in square brackets, when considered
as a function of L,, is increasing for L, < (N —d+ 1)/d and decreasing for
L,>(N+1)/d Thus, if ¢ is chosen such that L, = (1 + &) N/d maximizes
[---] on 4, then 6 < |g| <26, and

N
(N/d)(1 +¢)

By applying Stirling’s formula to the combinatorial factor on the right-
hand side of inequality (2.11) and then simplifying the result, we obtain

GSdN-d\N( >(d_1)N—(1+e)N/d (211)

ln(o)sln(dN)—Ng(s)—%ln [%(1 +s)]+const (2.12)

where

\

1 1 £
g(e)=2(1 +8)ln(1+8)+[1—3(1+8):lln(1—d—:1—) (2.13)
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An explicit calculation shows that g(0)= g'(0)=0, and that g"(g)> 1/d,
for ¢ sufficiently close to zero. Since J < |&] <25, we can now bound o as
follows:

N§?
JSdNe‘Ng”’ngexp<—Zd-> (2.14)

provided that ¢ is sufficiently small, and d <JN. This proves the assertion

of Proposition 2.1. ||

In what follows, the number p of patterns is assumed to be sufficiently
small, such that d=2”< N* for some fixed, positive constant a<1. We
also choose, once and for all,

8 = (d/N)2 In(N) (2.15)

Corollary 2.2 (Self-averaging). Let (N, d)— (¢n i Pva— R) be a
two-parameter sequence of functions, and assume that there are constants
¢ and k, 2, M >0 such that for N> M and for d < N* the following hold

(@) |pya(L) <N forall Le, ,
(b) [Py aL)—d| SN " for LeWUy,.

Then

N!
— N .
) Lo fmdb) = de| <2V (2.16)

LePya
provided that N is sufficiently large, and d << N*

Proof. Using Proposition 2.1 and assuming properties (a) and (b),
we can bound the left-hand side of (2.16) as follows:

N!
I R T PB4l
LE‘J/Nvd\V”N,dLl!."Ld‘_ N.d
N1
da"V A o
+ Le%N.dLl!"'Ld! ‘¢N.d( ) ¢ac|
SV (@) N2 e M2 g N (2.17)

For sufficiently large N, the last expression is bounded by 2N~ *. }

Our aim is to apply this corollary to the free energy and to the
magnetization, as defined in (2.7). The hypothesis (a) is easy to check in
these two cases: Fy, and m,, are bounded in absolute value by
p/2 +const=0(In N) and 1, respectively. We shall now work toward the
proof of property (b).
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Proposition 2.3. For Le%, ,,
_ N .
BB L V4 NI 2= £ 0, <1+ P+ oy 218)

Proof. By using Eq. (2.5) and the fact that | y,| <1 and |4,| <6, we
have

’ﬁﬁN(ﬁ, 1, L, Y)+N1n2—gf(ﬁ, 1,0, y){
N N 4
= )Ef(ﬁ’ s /la .}Y)——Jf(ﬁ’ ns Oa ,V)+12‘7_k§1 g(Lk’ Yk)
N‘l)’

ST 1F P2+ A) y, Ay + fule’, Ay

Lka Yk

NI’U
M&

— Z /ij' dt tanh ~'(z) l

S%[%(Z—i—é)éd—kﬁlr/l 6d+5d1n2]+2dlnN

S(+B)3+m)oN 1 (2.19)

Since the dominant contributions to the free energy density and the
magnetization come from mean field configurations ¥ which minimize H,,
we continue by estimating f(f, n, 0, v) near its minimum. To do so, let us
write

B, 1,0, y)= — Z hi(yi) ﬁH(l— P)yli? (2.20)

=1

where, for |s| <1,

hk(s)=j: dt [ Bnel + Bt — tanh = ()] (2.21)

At this point, it is necessary to distinguish between the high-tem-
perature phase (f < 1) and the low-temperature phase (§> 1), and between
large and small external fields #. To avoid undue repetition, we will limit
our discussion to f>1 and to small values of #; the other cases can be
treated similarly.

If n is sufficiently small (depending on f, but not on d), then each of
the functions %, has a unique positive maximum on each of the intervals
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(—1,0) and (0, +1). Denote by v,(—) and v.(+) the location of these
maxima; then v, {1 }= +a,(f)+ O(n), where a,(f) is the positive solution
of the equation a, = tanh(fa,).

Definition 2.4. Given a vector ye R¢ define v(y) to be the vector
in R“ whose kth component is v,(sgn y,)} for 1 <k <d Here, we use, e.g.,
the convention that sgn 0 is positive. Furthermore, define u = v(re").

Proposition 2.5. Let > 1. Then there are two positive constants
¢, < c, such that for any vector y in [ —1, 1]¢ and for |/ sufficiently small,

J (B 1.0, y)=f(B, n, 0, u) + B|<u—v(y), le" )|
+ey) ly—v()2+ 3811 =Py y|? (2.22)

where ¢(y) and / are constants (depending on #) which satisfy the bounds
c,;<c(y)<c, and |/ —n| = O(n?), respectively.

Proof. | is defined by writing the local minima of 4, in the form
h(v(£))=E,+ Ble,v,(+). By computing the difference of these two
values, we obtain

ﬁ*l Jogl -+ )
le};:’,]e;\’__{__ f dr [ﬁt—tanh"](l)]

[0 ()] + 10l =) i
=[n+0(n’)]e; (2.23)
Given ye[—1, 1]% define x, =sgn(y,). Then we can write f(8, 5,0, ) as

follows:

d
f(Bn. 0, y)= —Bu(y), >+ 3. [hilve(x)) = helyi) = E]

k=1
p

+S =P yl? (2.24)

Since, for the values of § and # considered, 4, has a quadratic maximum
at v,(x,) which is unique in the interval bounded by 0 and x,, we have
< hi(xi) = M ye)

= loglxs) — yk}Z N

(2.25)

u

with bounds ¢,, ¢, that are independent of & and y. As a consequence,

S(B, 1,0, yy= —B<o(p), le* ) +c(y) |y — ()]

S
- X EA5I0=P)y|? (2.26)
k=1

for some constant ¢(y) contained in the interval [¢,, c,].
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Equation (2.22) is now obtained by using that the two norms in (2.26)
vanish for y=u, and that {u(y), le’) is maximized by v=u [note also
that o(#)=u]. Both of these properties follow from the fact that for
1<k<d,

sgn(u,) =sgn(ne;)=sgn(ley),  |u | =max{|o(—)I, [v(+)} =1
(2.27)
where 7 is the largest solution of the equation f|y| + f —tanh~'(1)=0. |

The following two propositions, together with Corollary 2.2, prove the
assertions of Theorem 1.1.

Proposition 2.6. There is a function F_(f, #) with the following
properties. If §>1 and if |n| is sufficiently small, then

\Fna(B,n, L) = Foo (B, )| < (d/N)'? (2.28)
for all Le %, , and for N sufficiently large. Furthermore,

In2 1 ¢#
= ————| dt 2+ 0 2.29
Fopm)= =55 | diay+ 0tn) (229)
Proof. From the definition (2.7) and from Proposition 2.3, it follows
that

In2 1
FN,d(,Ba 1, L) = _*ﬁ--i—l?—df(ﬁ, B Oa Ll) + (9(5)
1 .
———ln< e—[f(ﬁ,rz,o.y)/(ﬂ-n.o.u)]N/d> 2.30)
ﬂN y;ﬁz (

for all Le%#, 4. To get an upper bound on the sum over y, we will use
that, for large N, the number of elements in Z is bounded by

d
1Z1=T] (Le+ D)< @2N/d) <™ (2.31)
1

k=

To get the corresponding lower bound, we note that there is a vector
y'eZ, which is sufficiently close to u, such that sgn(y;)=sgn(u,), and
| v — ui| <3d/N, for 1 <k <d By Proposition 2.5,

O< |f(ﬁs H, 0’ y/)_f(ﬁa 1, 0, u)'

AN g\ &°
<<cu+§> Iy —u|}2<9<cu+§ N‘z‘géd (2.32)
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and therefore

'32”[ > Z e*[f(ﬁ,ﬂ.O,.V)—f(/?,n-O,m]N/dZe~5N (2_33)
rex

This inequality, together with (2.31), shows that the last term in (2.30) is
bounded by =+48. The bound (2.28) follows if we define F._.{(f, %)=

[~In2+ /(B 1.0, u)/d]/B.

In order to prove (2.29), we need only consider the case n =0, since

|f(B, 1, 0, u)— f(B, 0,0, u)| = Bn<e’s up| < pd [n] (2.34)

From Eq. (2.6), using the fact that y=u(f)=>sgn(n)a,(f)e’ minimizes
f(8,0,0, )) we obtain

L 16.0,0, ulp)) = ( ﬁf> (8,0.0, u(§))

%
+{(57) 8.0.0.u). Zu5))

1
=S IPUBI +0= ~3a,() d (2.35)

The assertion now follows since f(1.0,0,u(1))=/(1,0,0,0)=0. }

Proposition 2.7. There is a function m_.(f, ) with the following
properties. If $>1 and if || >0 is sufficiently small then

oy o, 11, L) —mo (B, m) <3(d/N)'7? (2.36)
for all Ley ; and for N sufficiently large. Furthermore,

m (B, n)=sgn(n)a,(f)+O(n) (2.37)

Proof. The magnetization m, , is given by the following expression:

—1
my (B, 1, L)= < Z o~ BAMB.L, Y))

yed&

x Y —<e (1+4)y)e FAnBnLD (2.38)
)exl”
By writing the inner product in Eq. (2.38) as the sum

| 1 1
C—l,<e‘,(1+A)y>=c—i<e",u>+‘—1<e“,(1+/1)y—u> (2.39)
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we split the magnetization into a leading term m (8, #) = (1/d){e", u> and
a remainder. The sum over y in the remainder is now estimated separately
on the set R={ye®: |[{y—u,e" )| <ed} and on its complement, where
e=(d/N)'. For ye R, we have

1

Z1<eh (Lt A)y—udi<~ |<€ Ay>l+ [{e’, y—u>|<o+¢ (240)

Using Proposition 2.3 and Proposition 2.6, we arrive at the bound

1
InN.d(ﬁv i, L) —L—i <€va u>

-1
<5+g+( S e PML w)

veZ
% Z Ke A)y _u>|e*l?171v(ﬂ,'1,L,Y)
yeI\R
<28+e@(5N) Z e\[f(ﬂJlaO,.V)—f(ﬁ.rl,O.u)]N/d (2_41)
ye\R

In order to estimate the last term in (2.41), we use the fact that for
yeZ\R, f(B,n,0,y) cannot be very close to its minimum value. More
precisely, if y lies in #\R, then either |{e’,u—0v(y))>|>ed/2 holds, or
[{e", y—v(y)>| >ed/2. In the first case, it follows from Proposition 2.5
that, for small |y],

S(Bn, 0. y)=f(B,n, 0, u) > 3B 1n| ed (242)

In the second case, we combine Proposition 2.5 with the inequality
Ly —o(n)I?= 1<’ y—v(y))|? "] > > e*d/4 (243)

to obtain a similar result:

S(B.n, 0, y) = f(B, n,0,u) > (c,/4) e*d (2.44)

By substituting these two bounds into (2.41), we find that, for & < |p],

1
my oy, L) —— < u) 240N Y TN (2.45)

yeX\R

where k is some positive constant (depending on f§ and #). The number of
terms in the sum over y is bounded by exp[ ®(6N)], as in (2.31). The asser-
tion (2.36) now follows since §/e* — 0 as N tends to infinity, while (2.37)
follows from the fact that u =sgn(n) a;(8)e’ + O(n). |
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3. THE SYMMETRIC SOLUTIONS

In this section we describe in more detail the set of critical points of
the function f;,

B
2d

defined for ye(—1, 1)% The number of patterns p is assumed to be fixed,
but arbitrary, and d=27. As mentioned in the introduction, the local
minima of f; are expected to play an important role for the dynamics of
the Hopfield model.

A well-known procedure for finding (e.g, numerically) the local
minima of a function g is the method of steepest descent, which (in its sim-
plest form) consists in iterating a map Q: y— y—AVg(y). If 1>0 is
chosen sufficiently small (such that the Hessian of Ag has only eigenvalues
smaller than 2), then the stable fixed points of @ are precisely the local
minima of g. In the following, a map of this type will be used in order to
distinguish local minima of f; from other critical points; this map is also
closely related to the one used in refs. 8§ and 10, and somewhat similar to
the learning algorithm of ref. 15.

Before applying the method of steepest descent, we may of course per-
form a change of variables z+ y such as the one defined by the equation

y=Tanh(fz) = (tanh(pz,), tanh(fz,),..., tanh(fz,)) (3.2)

1 1 & rm
Sp) =3 0(6.0.0, == % [ ditanh ()= IPyI* (31)

Proposition 3.1. 1If y is a local minimum of f; in the hypercube
(—1,1)% then z= Py is a stable fixed point of the map

Qg z+> P Tanh(pPz), zeR? (3.3)

Conversely, if z is a stable fixed point of Q4, then y =Tanh(f:z) is a local
minimum of fj

Proof. The derivative of the function g, = fz(Tanh(f-)) can be written

as follows:
2

Dgﬁ(z;u):% {z— P Tanh(fz), Tanh’(fz) « u)> (3.4)
where “v ” denotes the diagonal matrix associated with a vector v, ie.,
(v * u),=vu,. Since tanh’(fz)>0, we see that the critical points of g
coincide with the fixed points of Q5. Assume now that 24(z) =z. Then the
second derivative of g, at z is given by

'BZ

D?gy(z; 4, v) =" ([1d — fP(Tanh'(Bz) +)]v, Tanh'(Bz) = u>  (3.5)
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Note that the matrix [---] in (3.5) is self-adjoint with respect to the inner
product (v, u)= (v, Tanh'(fz) * u). Thus, we have

2
inf ng(z;v,u)zﬁ—(l—i) (3.6)
(v,r)=1 d
where 4 is the largest eigenvalue of BP(Tanh(fz)e), or, equivalently

(if A#0), the largest eigenvalue of the tangent map DQy(z)=
BP(Tanh'(BPz)*)P of Q4 at the fixed point z. ||

At high temperatures (f<1), the map Q; is easily seen to be a
contraction, with fixed point z=0. For f>1 the situation is more
complicated; but fortunately, the Hopficld model with orthogonal patterns
(i.e., when L, = N/d for all k) has many symmetries. In order to describe
these symmetries, let us denote by C, the set of corners of the hypercube
[—1,1]%, and by E the map &+ e, which was introduced earlier for the
purpose of (arbitrarily) enumerating the elements of C,. If ¢ is a permuta-
tion of the set C,, we associate with ¥ a linear transformation ¥ on R by
defining

(Fyhe=y;, J=E'(Y(EK))) (3.7)

for all ye R? and for 1 <k <d. Note that ¥ is orthogonal with respect to
the standard inner product in R The following permutations are of
particular interest; see also ref. 12. For 1 <v, k, A< p we define y, and ¥,
by setting

7 —c* if pu=v
W) _{H“ it py (38)
CK lf [J.:A_
(l//,\.;y(c))”: C}V if H=K
c* if ué{x A}

for all ¢ in C,. If y is any of these permutations, then ¥2=1d, and thus
¥ is symmetric. Furthermore, the identity (¥e”),= (¢ '(e,))*, which
follows directly from (3.7), shows that ¥, acts on the set S= {e', ’,.., e”}
by multiplying the vector ¢’ by —1, and ¥, acts on S by exchanging e”
with e*. As a consequence, all of these transformations commute with P,
the orthogonal projection onto the span of S. This proves the following
proposition.

Proposition 3.2. Let iy be one of the permutations defined in
(3.8). Then Qzo ¥ = ¥-Q, for all f.
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As another immediate consequence we have the following
orthogonality property. Let 7= {1, 2,.., p}, and for every subset J < I let

e)=1]et, 1<k<d (3.9)

ped

where the value of an empty product is defined to be 1. It is easy to see that
eV is an eigenvector of ¥, for every Jc I and every veI; the correspond-
ing eigenvalue is —1 if veJ and 1 if v¢J. Since the operators ¥, are sym-
metric and commute with each other, the set {€"”: J< I} is an orthogonal
basis for R%

The next two propositions establish, for f>1, the existence of 37
“symmetric” fixed points for 2,. Each of these fixed points is associated
with a nonnegative integer n< p and with one of the following 2"(7)
vectors v e R:

4
1

I

=n (3.10)

2
u

P
v=Y c,e" c,e{—1,0,1},
u=1 H
Proposition 3.3. Let 1 <n< p. If v satisfies (3.10), and if a is any
real number, then Q4(av)=1y,(fa)v, where y, is the function defined by the
following equation:

p(x)=2""%1 Y <n>n_n2mtanh[(n—2m)x] (3.11)

0<m<nz N

Proof. Given n>0 and a vector v as in (3.10), denote by .S the set
of linear transformations ¥ which contains ¥, if and only if ¢, =0, ¥, if
and only if ¢, =¢, #0, ¥, ¥, ¥, if and only if —¢,=c¢; #0, and no other
clements. It is easy to check that the only vectors ze PR? which satisfy
Yz=z for all ¥ in S are the multiples of v. Since by Proposition 3.2
we have YQ,(av)=Qy(a¥v)=Qg(av) for all ¥ in S, it follows that
Qg(av) = a'v for some real number a’.

In order to see that @’ =7y,(fa), it is useful to write the components of
v in the form

O = i cpefi=m-1+(n—m)-(—1)+(p—n)-0 (3.12)

u=1

where m =m(k) is the number of elements u in {1, 2,.., p} for which ¢ e}
is equal to 1. A moment’s reflection shows that, given j, there are exactly

i 20—"<:1> S(m—n—j) (3.13)
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values of k for which v, is equal to j. Thus, we have

a'= vl =* <v, 4(av)>

1 d
=—d Z tanh(Bav,)

2p-ni 2 (:1) 5(2m —n— j) j tanh(Baj)

2y ”> 2 1 onh[(2m — n) fa]

—2ntt Y <n>n_2mtanh[(n—2m)ﬁa]| (3.14)

Osm<n/2 n

Proposition 3.4. For > 1, the equation y,(fa)=a has a unique
positive solution a = a,(f8). Moreover,

(a) a,(B) is an increasing function of f

(b) a,(B)—2" nH(L(n 1)/2J) as f— o
where | r | denotes the integer part of »
(c) a,(B)y=(3/Bn-2))—1)+0(p—1)*)as |0
The proof of these statements is straightforward, given the following
properties of y,,.

Proposition 3.6. The functions y, are odd and satisfy
(@) 7(x)>0, 7y,(x)>0, 72(x)<0 forall x>0

(b) yu(x) =277 ")) as x>0

(¢) yu(0)=1, 9;/(0)=-2(3n-2)

Proof. The inequalities (a) are obtained from the corresponding
inequalities for the function tanh. Property (b) follows from (3.11): If we
define (”,,')=0 for m <0, then

m n

lim y,(x)=2""*" % <

X Osm<n/2

=y ((0)-6o)

=2 (L(nn—_ll)/zj> G

n>n—2m
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To prove (c), we use the representation y,(x)= (1/nd){v, Tanh(xv)),
with v=3"7_, e The mth derivative of y, at the origin is then given by the
following equation:

1 d
yLm)(O):;C—{tanh‘m’(O)kZ ot

=1

= tanh""(0) }1 )y [

M

1 d
Z{ Z e;{‘leli\fZ‘..ei‘erl} (3.16)

k=1

where > ,, denotes the sum over all ordered sets M = (ity, Uy, Yy, 1) With
1 < p; < n. Because of the orthogonality of the vectors (3.9), the expression
[---] in (3.16) vanishes uniess every element of M occurs an even number
of times in M. If it does not vanish, then [---]=1. For m=1 there are
n sets left which contribute to Y ,,, and thus y,(0)=1. If m=3, then
there are n(3n—2) such sets, and v, (0)= —2(3n—2) follows since
tanh”(0)= —2. |

In the remaining part of this section, we discuss the stability of the
symmetric fixed points for f in the interval

1<B<1+(9d+ 500p%) ! (3.17)

as well as for large values of §. In addition, we show that the symmetric
fixed points are unique if f satisfies (3.17); the following estimate is the first
step of the proof.

Proposition 3.6. For 0 < f <1+ (1/9d), every nonzero fixed point
z of Q satisfies

lz]2<23d(B—1) (3.18)
Proof. Assume that Qg(z)=z, and let y=Tanh(fz). By using that

Py =z and that z, y, =z, tanh(fiz;) >0 for all k, we obtain the following
identities:

B=Dlzl*=B-DlzI’+ ¥ yi[y,—tanh(Bz,)]
k=1
d
=|y—z|*+ Z Y[ Bz, —tanh(fz,)]
k=1

=ly=zI’+ X |yl [Blzil ~tanh(Blz1)]  (3.19)

1

822/55/5-6-5
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Since none of the terms in the last sum is negative, it follows that either
z=0or f>1.

Let us now assume that 1<f<1+(1/9d). Then (3.19) implies that
|y —z||? has to be small; in particular, it follows that

Bzil = BU il + 2= v ) S BT+ (B—1)2 2] ]

<<1+§1&><1+ﬁ-ﬁ><\/§ (3.20)

The last term in (3.19) can now be bounded from below, by using (3.20)
and the inequality tanh”(x) < —2 + 8x>

d
Z |yl (Blzk| — tanh(f|z,|))

> Z w( (Blze)) — 75 (B1z2]) )
> Z vl 75 1z

ﬂS d d
>1—5[z 4% |yk—zk\-|zk|3} (3.21)
k=1

The two sums in the square bracket can be compared by using Eq. (3.19)
again, together with the Schwartz inequality:

d
Z |J’k"‘~’k| : |Zk|3
d 1/2
<|y—z”.;z|<z )
k=1

d 12§ 3
<(B-1) ||z||~( 5 z;) <y (3.22)
k=1 k

=1

As a consequence of (3.19), (3.21), and (3.22), we have

3

_ 27 4 - 4
(B—=1) izl >153 Z Zk>45d 1zl (3.23)

and the bound (3.18) follows. |

After having localized the fixed points in a small ball around z=0, we
can now use perturbation theory to rule out the existence of nonsymmetric
fixed points of Q, for § in the interval (3.17).
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Proof of Theorem 1.4. By Proposition 3.1, we are led to consider
the system
1 P
;1<e“, Tanh <ﬂ Y bue“>>=bv, I<v<yp (3.24)
p=1
which is equivalent to the fixed-point equation Q,(z) = z if we set b, = (1/d)
{e”, z). Note that, since the map Tanh commutes with all transformations

¥ . the inner product in (3.24) is an odd function of b, and even in all the
other coefficients b,. Thus, we may define

1 ¢ 4
g'(b}, b3,... b2 )=— 3 e} tanh (ﬁ Y b#e’,;>, 1<v<p (3.25)

} Phodb, 2 u=1
Furthermore, since the hyperbolic tangent is analytic on the disc |{| <m/2,
the functions 7+ g*(¢,,.., t,) can be continued analytically to the polydisk

1l <(n/2p)’,  1<u<p (3.26)

The same holds for the functions g3, which we define as in (3.25), but with
tanh replaced by tanh,, where

tanhs({)=tanh({)—{ — {3  (eR (3.27)

In addition, g vanishes at the origin, together with all its first partial
derivatives, for 1 <v < p. The second derivatives can be bounded by using
the maximum principle for analytic functions and Cauchy’s formula with
circular integration contours of radius 2p~2 Since [tanhs({)| <4, for
|{] <m/2, we have

o2 21 4 4

_Y e s
o1, ot g5(t15m 1)) <(2p_2)2 3/(2p)<3 p (3.28)

if |7,/ <[1/(2p)]* for all u. This bound will be used below, together with
Taylor’s formula, in order to estimate g5 near the origin.

The difference (g"— g%) can be computed explicitly by using the
orthogonality of the vectors defined in (3.9); see also the discussion of
(3.16). We obtain

(B2 2 1 & . 1
(&= &3)(b1 b)) =f+—= ¥, ek<——>(ﬁ

Vik=1

u
Bz 1 &
:ﬁ_3b y <b#b,cb,1; > e,teZeZe,’})
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This allows us to rewrite Eq. (3.24) as follows:
b| (B=1)-p z DS PE gbhe B]) =0, 1<vsp (330

Given a solution of these equations, let us define V= {v:1<v<p, b,#0}
and n=|V|. By summing the expression [---] in (3.30) over all ve V, it is
possible to write the sum 5% + .. +bj in terms of B, n, and gs. After sub-
stituting the result black into (3.30), we obtain the following equation for
the variables 7, = b2,

3 3 9

Sty t")+(6n HE

[”:m(ﬁ_l)_iﬁgs 3 2, 85t 1)

pev

(3.31)

if ve V, and ¢, =0 otherwise. In order to establish the existence of a unique
solution to (3.31), we will use the contraction mapping principle in a ball
Bp)={reR":|1,—0,] <p, ve V}, centered at the vector 0,

3

T

1), veV (3.32)

For p we choose the value 26(f — 1), so that if z=3%",_, b, e’ satisfies the
bound (3.18), then the vector ¢ = (b2), ., lies in %(p). This guarantees that
all (real) fixed points of Q, will be obtained. Furthermore, as is easy to
check, the restriction (3.17) on B ensures that |z,] <29(8— 1)< [1/(2p)]?
for all 1€ Z(p), so that the bound (3.28) may be used.

Denote by M ,(¢) the right-hand side of (3.31). Since |6, <3(f— 1), we
obtain

3 O9n
— <l =+— “
<6 ‘—1 —92 0, (3.33)
SP3P g v\40 '

if § satisfies (3.17). This shows that the transformation M defined by
(M(t)), = M (t) maps the center of #(p) into %B(p/2). Thus, in order for M
to have a unique fixed point in Z(p), it is sufficient that M contracts
distances (in the norm max,|7,]) by a factor of 2 or more. The
following bound shows that this is indeed the case. By (3.31), (3.28), and
(3.17), we have
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0
max Z M (1) <n max EM"(I)
Ve AEV A VE /"L
3 9n (3 !
(233 en—ap |ar, &)
4 . 1

As a consequence, the only solution of Eq. (3.31) is the symmetric
solution, ie., ¢,=a,(f)? for all ve V. The assertion now follows from
Proposition 3.7 below. |

For the following discussion of stability, let » > 2, and assume that z
is a symmetric fixed point of order # for £, ie., that z=a,(f)v, with v
satisfying Eq. (3.10). Denote by P, and P, the orthogonal projections in R?
onto the subspaces span{v} and {we PR (w,c,e">=0, 1<u<p],
respectively, and let P,=P— P, ~— P;. By using Proposition 3.2, it can be
shown that the linearization of € at the point z has the foloowing spectral
representation:

DQy(z)=sP3+ (s —r) Py + [s+ (n—1)r] P, (3.35)

where s and r are given by the equations

S—ﬂ—— z tanh?(fz,)

(3.36)

F= guc Z tanh*(fz;)efer,  p#v, c,c,#0

We note that the eigenvalue s of DQ2y(z) is always bounded on one
side by (s—r) and on the other side by [s+ (n— 1}r]. Furthermore, as a
consequence of Proposition 3.4, the eigenvalue [s+ (n— 1)r] lies between
0 and 1 for all > 1; it is the slope of the function a+— v,(fa) at the fixed
point a=a,(f). Thus, the eigenvalue (s-—r) alone determines whether or
not the fixed point z is stable.

Proposition 3.7. The symmetric fixed points of order n=1 are
stable for all #> 1. For f in the interval (3.17), all other fixed points of 2,
are unstable.

Proof. Let z=a,(f)v be a symmetric fixed point of order n. If =0,
then z is clearly unstable for all > 1, since z=0 and DQ,(0)=pP. If
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n=1, we obtain DQ4(z)=sP, with s given by Eq. (3.36), and it is easy to
check that s <1 for all f> 1.

Consider now n>2, and f in the interval (3.17). By repeating the

discussion of Eq. (3.31), but this time for the ball Z((1/4p)0,), we get the
following bound on a,(f):

an([f)2<<1+—1—> 0, <4(f—1) (3.37)
4p

where 0, is given by (3.32). In particular, since |[tanh” (x)| <2 and |v,| < p,
we have

bz, )< (1 418l el < (14 ) 192 (338)
The eigenvalue (s —r) of DQy(z) can now be estimated as follows:

d
s—r=f— Y tanh’*(fz, )1 —c,c ete})
k=1

QUi

zp—

1 <
(1—}—@) kz (Bz:)* (1 —c e efer)
1 1 &
25— (144) 0] 3 st —ceeten

k=1
1 4—-3n-2
>B—[33<1+— Gv(n—2)=1+——in——)/£(ﬁ—1)>1 (3.39)
p 3n—-2
This shows that the fixed point z is unstable. For details on how to
evaluate the expression [---] in (3.39) we refer to the discussion following
Eq. (3.16). |

Remark. For > 1, the symmetric fixed points of order n=1 are not
only stable, but they also minimize f;. This follows from Proposition 2.5.

Proposition 3.8. lLet n be an even positive integer, and assume
that § satisfies

—n n
B2 <n/2) >1 (3.40)

Then all symmetric fixed points of order n are unstable.

Proof. Let z=a,(f)v be a symmetric fixed point of even order n >0,
and define Z={k:1<k<d, v,=0}. It is easy to see that Z contains
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exactly 277"(,7,) elements. Thus, if B satisfies (3.40), the eigenvalue s of
DQ ﬁ(z) can be bounded as follows:

Z [1—tanh?(Bz,)] > ﬁzp < > B2~ "</2>>1 I (341

Proposition 3.9. lLet » be an odd integer larger than 1, and
assume that f satisfies

. n—1
B-2 ((n—l)/2>>lnﬂ>1 (3.42)

Then all symmetric fixed points of order » are stable.

Proof. Let z=a,(B)v be a symmetric fixed point of order »> 1. If we
assume that # is odd, then |v,| > 1 for all k, and the eigenvalue (s—r) of
DQg(z) can be bounded as follows: If u# v and c,c,#0, then

d

s—r=§ Y {1 —tanh*[fa,(B)v.]1}(1—c,c efe})

k=1

< B{1—tanh’[fa,(B)]} <4pe =P (3.43)

In the first inequality we have used that 1 —c,c,efe; =2 for half of the
values of k, and 1 —c,c efe; =0 for the other half. Since a,(f) converges
to a positive value as f — co, it is clear that z is stable for large .

In order to estimate fia,(f), we bound the factors tanh[(n — 2m)x] in
(3.11) from below by tanh(x) and then sum as in (3.15):

a,(B)="v.(Ba.(B))
> ¥ <”) ! —n2m tanh[fa,(8)]

Osm<n/2

—n+1 n—1
=2 <(n B 1)/2> tanh{ fa,(f)] (3.44)

By using (3.42) and the fact that tanh”(x) > —2x, for x>0, we obtain
2
fa,(B)> 2 tanh[ fa,(f)] > 2pa,(f) -3 [Ba.(B)]’ (345)

which implies that fa,(f)> 1. This bound can be improved by applying
(3.44) and (3.42) again: Since tanh(1)>1/2, we have

Ba,(B)y>p-2- "( >>lnﬁ (3.46)

—1
(n—1)/2
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Substituting this into (3.43) and using the fact that >4 by assumption
(3.42), we see that the eigenvalue (s —r) is smaller than 1. This completes
the proof of Proposition 3.9. |
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